Cosmological inflation is discussed in the framework of F (R, G) gravity where F is a generic function of the curvature scalar R and the Gauss-Bonnet topological invariant G. The main feature that emerges in this analysis is the fact that this kind of theory can exhaust all the curvature budget related to curvature invariants without considering derivatives of R, Rµν , R λ σµν etc. in the action. Cosmological dynamics results driven by two effective masses (lenghts) related to the R scalaron and the G scalaron working respectively at early and very early epochs of cosmic evolution. In this sense, a double inflationary scenario naturally emerges.
I. INTRODUCTION
Inflationary paradigm was introduced to address problems and shortcomings related to the self-consistency of the Cosmological Standard Model at early stages of its evolution [1] [2] [3] [4] [5] . The inflationary mechanism can be achieved in several different ways considering primordial scalar fields or geometric corrections into the effective gravitational action. The general aim is to address problems like the initial singularity, the cosmological horizon, the cosmic microwave background isotropy (and the related anisotropies generated, in principle, with initial quantum fluctuations), the large scale structure formation and evolution, the absence of magnetic monopoles and so on [6] [7] [8] [9] [10] . The main ingredient of all these scenarios is to claim that an inflationary phase occurs at some stage in the early universe and that one or more sources, different from standard ordinary matter, give rise to accelerated cosmic expansion. Such an expansion can be a single or a multiple event often related to the formation of structure at large and at very large scale. In general, inflationary scenarios originated from some fundamental theory like quantum gravity, strings, M-theory or GUT models. Reversing the argument, inflationary models and observables related to inflation can be used to probe fundamental theories (see, for example the latest results of the PLANCK and BICEP2 collaborations [11] [12] [13] ).
In particular, quantum fluctuations of a given scalar field i.e. the inflaton, gives a mechanism for the origin of large scale structure. In other words, inflation gives rise to density perturbations that exhibit a scale invariant spectrum. Such a feature, in principle, is directly observed by measuring the temperature anisotropies in cosmic microwave background [13, [15] [16] [17] [18] [19] . A part the general features, the possibilities to realize inflation are several. For example, in the old inflation, inflaton is trapped in a false vacuum phase through a first order transition, while, in the new inflation, expansion ends up with a second order phase transition after a slow rolling phase [2] [3] [4] . According to the problems to address, there are several different inflationary models, for example the power law inflation, the hybrid inflation, the oscillating inflation, the trace-anomaly driven inflation, the k-inflation, the ghost-inflation, the tachyon inflation and so on [20] [21] [22] [23] [24] [25] [26] . Furthermore, some of these models have no potential minimum and the inflationary mechanism appears different with respect to the standard one. See for example the quintessential inflation [27] or the tachyon inflation [28] [29] [30] [31] [32] [33] .
A natural way to achieve inflation is considering higher-order curvature corrections in the Hilbert-Einstein Lagrangian [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] . The first and well-known example of this approach is the Starobinsky model [1] where inflation is essentially driven by R 2 contributions, being R the Ricci curvature scalar. After this preliminary model, other higher-order curvature terms have been taken into account [45] [46] [47] [48] [49] [50] [51] [52] . The philosophy is that, in the early higher-curvature regime, such further curvature invariants come out as renormalization terms in quantum field theories in curved spacetime [53] . Furthermore, under conformal transformations, the theory becomes minimally coupled in the Einstein frame. In this frame, the conformal scalar field assumes the role of inflaton and leads the primordial acceleration [52] . However, more than one scalar field can be achieved by conformal transformations disentangling the degrees of freedom present in the Jordan frame.
Several combinations of curvature invariants, like R µν R µν , R µνσρ R µνσρ can be considered [54, 55, 57, 58] .
The goal is to explain both the early and the late-time acceleration in a geometrical way [60] without invoking huge amount of dark energy or, sometime, ill-defined scalar fields. Among these attempt, a key role is played by the Gauss-Bonnet topological invariant G that naturally arises in the process of quantum field theory regularization and renormalization in curved spacetime [53] . In particular, it contributes to the trace anomaly where higher-order curvature terms are present [72] . In some sense, considering a theory where both R and G are nonlinearly present exhausts the budget of curvature degrees of freedom needed to extend General Relativity since the Ricci scalar and both the Ricci and the Riemann tensors are present in the definition of G. From the inflation point of view, introducing G beside R gives the opportunity to achieve a double inflationary scenario where the two acceleration phases are led by G and R respectively. As we will see below, this happens as soon as both R and G appear in non-linear combinations since linear R means just General Relativity (and then no inflation) and linear G identically vanishes in 4D gravitational action, being an invariant. On the other hand, the combination of both terms seems to improve the inflationary mechanism since one achieves a R-dominated phase and a Gdominated phase. The second leads the Universe at very early stages of its evolution because G is quadratic in curvature invariants and then it is dominant in stronger curvature regimes. Specifically, using a non linear function of G, inserted into the f (R) approach, that is a F (R, G) function, extends the Starobinsky model since the whole curvature "interactions", present in the early Universe, are taken into account. In view of the recent results by the PLANCK [11] and BICEP2 [12] collaborations, the potential advantages of this class of models, with respect to the original Starobinsky one, could be that curvature degrees of freedom (in particular the scalaron R) result better constrained (see [13] for a detailed discussion). A first study in this sense is in the paper by Ivanov and Toporensky [14] , where cosmological dynamics of fourth order gravity is studied in presence of Gauss-Bonnet term.
In this paper, we discuss the possibility to obtain inflation considering a generic F (R, G) theory where, in principle, both R and G are non linear in the action. There are several recent studies on models of this type [61] [62] [63] [67] [68] [69] [70] [71] . All of them, put in evidence the fact that the Gauss-Bonnet topological invariant can solve some shortcomings of the original f (R) gravity and contributes, in non trivial way, to the accelerated expansion.
The paper is organized as follows. In Sec. II, we derive the field equations for F (R, G). General features of F (R, G) cosmology and inflation are discussed in Sec. III. Sec IV is devoted to the discussion of exact solutions coming from Noether symmetries giving rise to powerlaw inflation. Summary and outlook are given in Sec. V.
II. FIELD EQUATIONS OF F (R, G)-GRAVITY
Let us start by writing the most general action for modified Gauss-Bonnet gravity
where, as we said before, F (R, G) is a function of the Ricci scalar and Gauss-Bonnet invariant defined as
Moreover κ = 8πG N , with G N Newton constant. We are using physical units c = k B = = 1. We are discarding, for the moment, the contribution of standard matter Lagrangian L m that we will reconsider below. The variation of the action (1) with respect to the metric provides the following gravitational field equations [68]
The trace is
where is the d'Alembert operator in curved spacetime and
are the partial derivatives with respect to R and G. It is possible to define two different potentials that depend on the scalar curvature and the Gauss-Bonnet invariant that enter the trace equation with their partial derivatives
It is important to emphasize that, from Eqs. (3)- (4), General Relativity is recovered as soon as F (R, G) = R. Furthermore, if G is not considered, we are exactly in the f (R) gravity context. Clearly, as in the case of the Starobinsky R scalaron, G plays the role of a further scalar field whose dynamics is given by the KleinGordon-like Eq. (4). This means that we can expect a natural double inflation where both geometric fields play a role. As for the R scalaron, we can expect a mass for the G scalaron which determine the "strength" of the G-dominated inflation.
III. F (R, G) DOUBLE INFLATION
Let us consider now a flat Friedman-Robertson-Walker (FRW) metric
where a(t) is the scale factor of the Universe. Inserting this metric into the action (1) and assuming suitable Lagrange multipliers for R and G, we obtain the point-like Lagrangian [67]
which is a canonical function depending on t and defined in the configuration space Q ≡ {a, R, G}. Specifically, the Lagrangian (9) has a canonical form thanks to the Lagrange multipliers
that are also field equations for the related dynamical system [67] . Here H =ȧ a is the Hubble parameter and the overdot denotes the derivative with respect to the cosmic time t. The cosmological equations in term of H, areḢ
where Eq. (13) is the energy condition, that is the (0, 0) Einstein equation. The full dynamical system of F (R, G) cosmology is given by Eqs. (10), (11), (12), (13) . To obtain inflation, the following conditions have to be satisfied:
It means, that the magnitude of the slow-roll parameters
has to be small during inflation. Moreover, ǫ > 0 is necessary to have H < 0. The acceleration is expressed asä
and then the accelerated expansion ends only when the slow-roll parameter ǫ is of the unit order. In order to discuss a possible inflationary scenario, let us choose, for example, the following Lagrangian
where α and β are constants of the dimension length squared and length to the fourth power respectively. The linear term in R is included to produce the correct weakfield limit. It is easy to see that we have considered a R 2 model with a correction which adds new degrees of freedom due to the presence of the Gauss-Bonnet term. In the above Lagrangian, the term G 2 is the first significant term in G since the linear one gives no contribution 1 . As it is well known, a theory like f (R) = R + αR 2 is capable of producing an inflationary scenario [1] not excluded from the last PLANCK release [11] .
Here we concentrate on the question if such an inflationary scenario can be improved considering the whole curvature budget that can be encompassed by adding a non linear function of the Gauss-Bonnet invariant. In such a case, as stressed above, we can have a R-driven inflation led by the R 2 term and a G-driven inflation led by G 2 term. However, this is nothing else but a toy model that should be improved by realistic forms of the F (R, G) function.
To develop our considerations, let us consider the point-like Lagrangian (9) . It is well known that, in analytical mechanics, any Lagrangian can be decomposed as
where K and U are the kinetic energy and potential energy respectively. Here we have q i ≡ {a, R, G} and 1 In four dimensions, we have
This means that only a function of the Gauss-Bonnet invariant makes this integral non-trivial. On the other hand, in five or higher dimensions Eq. (18) is different from zero.
q j ≡ {ȧ,Ṙ,Ġ}. In the case of Lagrangian (9)
Assuming the model (17), we have
In Fig. 1 , a qualitative shape of the potential U (R, G) is reported. A possible slow-roll trajectory is shown.
We note that the two fields can both cooperate to the slow rolling phase. We assumed α and β of the order unit with negative α and positive β. The choice of negative α is due to the stability conditions for the R 2 model discussed in [56] .
It is important to stress the effective behavior of the Lagrangian (17) that assumes the following form
In other words, the correction to the R 2 model due to the presence of topological G 2 term can be seen as a sort of ∼ R 4 correction. However, it is important to stress that G 2 and R 4 have roughly the same dynamical role only at background level for the homogeneous and isotropic FRW metric. As soon as one takes into In Fig. 2 , the trends of U (R, G) sections are reported according to the dominance of the terms in the potential.
Let us describe now the qualitative evolution of the model. The behavior is different depending on the "strength" of R 2 or G 2 terms. In fact, they give rise to a potential with two minima that can be separated by a barrier (see Fig. 2 in the bottom) . This represent a double inflationary scenario where G-scalar dominates at early epochs, at moderate early epochs dominate R-scalar and finally the model converges towards standard General Relativity. Due to the fact that G runs as G ≃ R 2 , it is dominant at very high curvature improving, in some sense, the Starobinsky inflation. In the present simple toy-model, we considered G 2 and this means, as pointed out above, that G 2 ∼ R 4 . From the energy condition, given by Eq. (13) 
In order to study the evolution of the model, we have to distinguish among the various regimes. Let us suppose that
Then Eq. (26) takes the form
and we obtain that
and the solution for the scale factor is
This is nothing else but the well known R 2 inflation where the sign and the value of α determine the number of efoldings [59] .
On the other hand we can consider the regime
where
Inflation is recovered for
and then it is
From the above considerations, we can introduce a further mass term
due to the Gauss-Bonnet correction that leads another earlier inflationary behavior. In conclusion, it seems that considering the whole curvature budget in the effective action (i.e. the further combinations of curvature invariants more than the linear R) means to introduce two effective masses that lead the dynamics. It is important to stress that the parameters α and β have to be consistent with the Solar System constraints according to the chameleon mechanism. Clearly, in the low energy regime, General Relativity has to be recovered and then the quadratic and quartic terms in R must be negligible. Essentially, starting from very early epochs, one has first to recover the Starobinsky model and then the Einstein regime. This means that the two-scalaron regimes, leading the two early inflationary phases, have to become negligible for R → 0 to recover the standard Newtonian potential. In such a case, an analysis like that in [64, 65] leads to assume the values of the parameters α and β of the order unit to achieve the consistency with the chameleon mechanism and the Solar System experiments.
IV. F (R, G) POWER-LAW INFLATION
Also power-law inflation can be easily achieved in the framework of F (R, G) gravity. In particular, using the Noether Symmetry Approach [66] in the generic action (1) and choosing appropriate Lagrangian multipliers that make the point-like Lagrangian canonical, models where conserved quantities emerge can be selected (see also [73] [74] [75] [76] [77] [78] for analogue cases). This means to impose
where L X is the Lie derivative with respect to the Noether vector X acting on the point-like Lagrangian L. A possible choice is to consider the class of Lagrangians
related to the presence of the Noether symmetries [67] .
Inserting this choice into the point-like Lagrangian (9), it becomes,
The same choice can be done into the cosmological Eqs. (12) and (13) that are nothing else but the EulerLagrange equations of the Lagrangian (38) together with the Lagrange multipliers (10) and (11). Power law solutions for (38) are easily found [67, 69] . For example we have a(t) = t s , with n = 2 and s = 3 .
A further interesting solution is a(t) = t s , with n = 3 4 and s = 1 2 .
General conditions between the exponents n and s are:
In one these conditions the two constraint are satisfied and are of the same form. It is easy to verify that solutions (39) and (40) are in one of these cases. In order to discuss inflation, we have to consider Eqs. (12) and (13) . One obtains the following relationṡ
A condition for inflation is
The slow roll conditions are
Considering the relation n = (1 + s) 2 , slow roll conditions on ǫ and η are satisfied for s > 2.171. In conclusion, we can easily see that, for relatively large s, slow-roll conditions are satisfied. In Figs. 3 and 4 , qualitative pictures of the parameter space regions where inflation is allowed are reported.
Furthermore we can evaluate the anisotropies and the power spectrum coming from inflation using the slow-roll parameters. The spectral index n s and the tensor-toscalar ratio r are respectively while the amplitude of the primordial power spectrum is
We obtain that the values n s ∼ 1.01 and r ∼ 0.10 are in good agreement with the observational values of spectral index estimated by PLANCK+WP data, i.e. n s = 0.9603 ± 0.0073 (68% CL) and r < 0.11 (95% CL) [11, 13] . These results are consistent also with the values measured by the BICEP2 collaboration [12] . Finally, it is possible to estimate the grow factor for the class of models F (R, G) = F 0 R n G 1−n . Let us consider the equation which governs the evolution of the matter fluctuations in the linear regimë
where ρ m is the matter density and G eff is the effective Newton coupling which, in our case, is
where G N is the Newton gravitational constant. However, we are considering perfect fluid matter that enters minimally coupled in action (1). We use Eq. (13) with matter density contribution as follow
with
Inserting Eqs. (50) and (51) into Eq. (49), we obtain the equation
Now, considering relations (41), we have a(t) = a 0 t s = a 0 t 2n−1 and consequently
Eq.(53) becomes
Eq.(54) is an Euler equation whose general solution is
Since a(z) = (1 + z) −1 we have that
where H 0 is the Hubble constant that can be chosen as a prior in agreement with data. The deceleration parameter q is
In Fig. 5 , the comparison between a F (R, G) model with the ΛCDM analogue is reported. By a rapid inspection of the figure, it is evident that there is no change in the evolution of the curve since, for any F (R, G) = F 0 R n G 1−n model the deceleration parameter preserves sign, and therefore the universe always accelerates or always decelerates depending on the value of n. Clearly, for n = 1, the solution is an Einstein-de Sitter model as it has to be. On the other hand, the accelerated expansion of the universe (q < 0) is recovered for n > 1, but, in this case, the universe accelerates forever without the possibility of structure formation. In conclusion, we have to stress that more realistic models are necessary in order to fit the observations. n G 1−n (green line) compared to that of ΛCDM (red line). The solid points are the observed one [79] . For F (R, G) we consider the value n = 2. The parameter F0 is assumed as a "prior" normalized at the ΛCDM value of the gravitational constant. This means that, in our units, it can be assumed of order unit. See also [80] for details.
V. CONCLUSIONS
In this paper, we have considered the possibility to obtain cosmological inflation starting from a generic function F (R, G) of the Ricci curvature scalar R and the Gauss-Bonnet topological invariant G. Such a kind of theories, due to the algebraic relation among the curvature invariants in G, see Eq. (2), can exhaust the whole curvature budget of effective gravitational theories where derivatives of curvature invariants are not present. The main feature that emerges by this approach is the fact that two effective masses have to be considered, one related to R and the other related to G. These masses define two different scales that drive dynamics at early and very early epochs, giving rise to a natural double inflationary scenario. Here we have sketched the essential characteristics of this picture considering exponential and power law inflation. However, the theory has to be worked out in order to select reliable models to be compared with data. In a forthcoming paper, the matching with data will be addressed in details.
